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We study the quantum propagation of a skyrmion in chiral magnetic insulators by generalizing the micromag-
netic equations of motion to a finite-temperature path integral formalism, using field theoretic tools. Promoting
the center of the skyrmion to a dynamic quantity, the fluctuations around the skyrmionic configuration give rise
to a time-dependent damping of the skyrmion motion. From the frequency dependence of the damping kernel,
we are able to identify the skyrmion mass, thus providing a microscopic description of the kinematic properties
of skyrmions. When defects are present or a magnetic trap is applied, the skyrmion mass acquires a finite value
proportional to the effective spin, even at vanishingly small temperature. We demonstrate that a skyrmion in a
confined geometry provided by a magnetic trap behaves as a massive particle owing to its quasi-one-dimensional
confinement. An additional quantum mass term is predicted, independent of the effective spin, with an explicit
temperature dependence which remains finite even at zero temperature.
PACS numbers: 75.70.Kw,75.78.-n,75.30.+j, 03.70.+k
I. INTRODUCTION
Although skyrmions have been proposed[1, 2] long ago,
there has been a strong rise in interest in recent years spurred
by experimental observations of skyrmionic phases in vari-
ous magnetic thin films[3–5]. Magnetic skyrmions are char-
acterized by a topologically nontrivial mapping from a two-
dimensional (2D) magnetic system in real space into three-
dimensional spin space. This mapping leads to a topological
charge Q which characterizes the skyrmion and is given by
Q =
1
4pi
∫
dr m · (∂xm× ∂ym) , (1)
where m is the normalized magnetization vector field and
x and y are the spatial coordinates of the 2D magnetic
layer[6, 7]. Magnetic skyrmions are attractive candidates for
magnetic storage of classical information[8, 9] because they
are topologically stable in the sense that no continuous local
deformation in the magnetic texture can remove a skyrmion
(i.e., change Q), and they can be manipulated at high speed
with relatively low current densities[8, 10, 11]. Furthermore,
because skyrmions coupled to conventional superconductors
are known to support Majorana fermions[12], they may be a
route to topological quantum computation[13].
The dynamics of any classical magnetic texture with
fixed magnitude, m, is governed by the Landau-Lifshitz-
Gilbert (LLG) equation[15, 16]. The dynamic properties of
skyrmions can be considerably simplified by considering the
motion of the average magnetic texture[17], which reduces to
an equation of motion for the skyrmion’s center-of-mass coor-
dinate, known as Thiele’s equation. This skyrmion coordinate
behaves as a massless particle under a Magnus force propor-
tional to Q[18], and a possible damping is parameterized by
a phenomenological velocity-dependent term that is induced
by the coupling of the skyrmion motion to other degrees of
freedom in the system such as electrons, phonons, magnons,
etc.; the microscopic details of this coupling are typically left
unspecified. Using this phenomenological approach, several
generalized equations have been proposed[19–22] for a rigid
magnetic structure in the presence of external static as well
as rapidly changing forces. The thermal diffusion of a driven
skyrmion has been studied within the classical framework by a
numerical solution of the stochastic LLG equation[19], where
random fields are included to model the effects of thermal
fluctuations.
However, for small skyrmions at the nanometer scale,
the size of skyrmions in state-of-the-art experiments[23–26],
quantum fluctuations are expected to become relevant[27] and
the classical LLG equation is expected to break down. In a
fully quantum mechanical treatment starting from the spin and
other degrees of freedom present in the system the quantum
dynamics of the skyrmion should emerge naturally, giving rise
for instance to possible mass and dissipation terms linked to
the underlying microscopics.
The goal of this work is to provide such a quantum treat-
ment of skyrmions in insulating magnetic films. Thereby we
restrict ourselves to systems where only spin degrees of free-
dom are present and other sources such as phonons and itin-
erant electrons are assumed to be negligibly small (due to low
enough temperatures) or entirely absent, respectively. By em-
ploying quantum field theory methods and the Faddeev-Popov
techniques for collective coordinates [28–32], applied to mag-
netic systems [33, 34], we derive the quantum dynamics of the
skyrmion in a systematic way, thereby going beyond the clas-
sical limit.
Within this formalism the skyrmion position, which
parametrizes the classical static solution of the Euler-
Lagrange equations, is promoted to a time-dependent dynam-
ical variable and a finite perturbation theory in terms of fluc-
tuations around the skyrmion configuration is performed. The
interaction of the skyrmion with these magnon modes gives
rise to dissipation and to a nonlocal damping kernel whose
form we obtain in a closed form and can evaluate analytically
in some regimes of physical interest. In particular, we are
able to microscopically calculate the contribution to the damp-
ing in the Thiele equation from the incoherent magnon modes
which in general depends on the magnetic dispersion relation
and thus on the details of the free energy of the system.
For asymptotic (imaginary) times, we find that the damp-
ing kernel becomes local in time and reduces to a simple
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2mass term which we can calculate explicitly in the presence
of nonuniform magnetic traps and spatially dependent ex-
change interactions for arbitrary temperatures. Specifically,
we find that local defects and magnetic traps which break
translational symmetry induce a finite mass, even at vanish-
ingly small temperature. As a striking consequence, we find
that in quasi-one-dimensional wire geometries the skyrmion
acquires a finite mass. Such geometries are provided for in-
stance by anisotropic magnetic traps, similar to linear tracks
used for magnetic memory and logic devices [8, 35, 36]. Sur-
prisingly, this shows that skyrmions in quantum confined ge-
ometries exhibit a fundamentally different dynamical behav-
ior compared to the one in unconfined geometries.
The paper is organized as follows. In Sec. II we derive
a coherent-state path integral for a generic magnetic texture,
while in Sec. III, we utilize this functional integral approach
to calculate the damping experienced by such a magnetic tex-
ture as a result of the coupling to magnon fluctuations, and we
also demonstrate that this damping reduces to a simple mass
term. In Sec. IV, we apply our formalism to a chiral mag-
net and show in Sec.V, that only a spatially nonuniform per-
turbation to the magnetic texture induces a skyrmion mass at
zero temperature. To complete the description we examine in
Sec.VI the skyrmion mass at finite temperatures. We conclude
with a discussion and some general remarks in Secs. VII and
Sec. VIII. Technical details are deferred to the Appendices.
II. COLLECTIVE COORDINATE QUANTIZATION
We consider a thin magnetic insula-
tor with normalized magnetization m(r˜) =
[sin Θ(r˜) cos Φ(r˜), sin Θ(r˜) sin Φ(r˜, cos Θ(r˜)] in polar
coordinates, where the z axis points along the smallest
dimension of the magnet (for the connection to spins in a
2D lattice model, see below). For sufficiently thin magnets,
i.e., thinner than the exchange length, the magnetization is
constant along the z axis and r˜ = (ρ˜ cosφ, ρ˜ sinφ) is a vector
in the xy plane. The Lagrangian of such a magnetic system is
given by
L =
SNA
α2
∫
dr˜ Φ˙(1−Π) +NA
∫
dr˜ F(Φ,Π) , (2)
where S is the magnitude of the spin, NA is the number of
magnetic layers along the z axis [37], α is the lattice spac-
ing, Φ˙ is the time derivative of Φ(r˜, t) and Π(r˜, t) ≡ cos Θ
is canonically conjugate to Φ. The first term in Eq. (2), i.e.,
the Wess-Zumino or Berry phase contribution (using the north
pole parametrization[33]), describes the dynamics of the mag-
netization while the second term is the free energy which,
in this and the following section, we keep general. For rea-
sons of simplicity we assume that the energy density func-
tional F(Φ,Π) is translationally invariant whereas the rota-
tional invariance is broken. This is supported by the fact
that, for the majority of the known models which can sta-
bilize magnetic skyrmions, U(1) rotational symmetry is bro-
ken by either the chiral Dzyaloshinskii-Moriya interaction or
by long-range magnetic dipolar interactions. Upon minimiz-
ing L, one recovers the Euler-Lagrange or, equivalently, the
Landau-Lifshitz (LL) equations, which govern the classical
motion of the magnetization m(r˜, t).
To investigate the quantum effects of such a magnetic tex-
ture, we employ a functional integral formulation in which
the partition function is given by Z =
∫ DΠDΦ e−SE , where
SE =
∫ β˜
0
dτ˜L is the Euclidean action. Here, L is the imagi-
nary time Lagrangian, which is obtained upon replacing time
t with imaginary time τ˜ = it, and where β˜ = 1/kBT˜ for
the system temperature T˜ with kB the Boltzmann constant.
Throughout this work we assume that ~ = 1. We also in-
troduce dimensionless variables r = r˜/lα, τ = τ˜ εΛ, and
β = β˜εΛ. Here l, a dimensionless constant, and εΛ, a char-
acteristic energy scale, depend on the system under study and
are specified later in Sec. IV. With increasing number of layers
the effective spin NAS of the texture increases, and thereby
m(r, τ) approaches a macroscopic description of a classical
magnetization field. We therefore consider the limit NA  1
to capture the leading semiclassical effects.
Henceforth, we consider a specific class of free energies
which furnish a static stable or metastable solution, m0(r) =
[sin Θ0(r) cos Φ0(r), sin Θ0(r) sin Φ0(r), cos Θ0(r)], in
which m0 is characterized by a topological number Q and the
magnetization profile Θ0 approaches a constant value at spa-
tial infinity |r| → ∞. These textures, known as Skyrmions,
are illustrated in Fig.1 which depicts a two- dimensional
magnetic layer hosting a Skyrmion with Q = 1 embedded in
a bulk magnetic insulator. We first develop a formalism that
is valid for general Skyrmionic solutions, while an explicit
solution of a Skyrmion is discussed in detail later.
The center of mass of such solutions m0(r) is denoted
by the collective coordinate R(τ), which is energy indepen-
dent owing to the translational symmetry of the system. The
dynamics of the skyrmion is then described by R(τ) and
the magnetization fluctuations that arise when the skyrmion
moves. Because of the nonlinear character of the LL equa-
tion these fluctuations couple back to R(τ) and thus affect
the skyrmion motion. To describe this effect we perform a
canonical transformation of the path integral variables which
separates the collective coordinate R(τ) from the fluctuations
around the skyrmion [28, 29],
Π(r, τ) = Π0(r−R) + η(r−R, τ) ,
Φ(r, τ) = Φ0(r−R) + ξ(r−R, τ) . (3)
In the presence of translational symmetry there is a degen-
erate pair of zero-frequency modes ξ ∝ ∂iΦ and η ∝ ∂iΠ,
associated with translation of the skyrmion position in the
i = x, y direction. Instead of fluctuations ξ and η, it is more
convenient to work with the spinors χ and χ† defined by
χ =
1
2
(
ξ sin Θ0 + iη/ sin Θ0
ξ sin Θ0 − iη/ sin Θ0
)
. (4)
We denote as Yx and Yy the degenerate pair of translational
zero modes expressed in the spinor notation of Eq. (4). We
now construct a finite perturbation theory in terms of fluctua-
tions around m0(r−R), where the system is described from
3x
y
z
FIG. 1. Illustration of a magnetic layer hosting a skyrmion with
topological number Q = 1 embedded in a bulk magnetic insulator.
The magnetization m(r˜) is assumed to be uniform along the direc-
tion perpendicular to the layer.
a translated spatial frame r¯ = r −R(τ). To second order in
χ, the action SE = Scl + Sfl + SI separates into three parts.
The first part describes the translational motion of m0,
SWZcl =− iS¯NA
∫ β
0
dτ
∫
dr¯ R˙ · (1−Π0)∇Φ0 , (5)
where S¯ = Sl2 and where we ignore an overall constant from
the configuration energy (lα)2
∫
dr¯F(Φ0,Π0). Note that SWZcl
contains a gauge-dependent boundary term proportional to
−iS¯NA
∫
dτ
∫
dr R˙ · ∇Φ0 = −iS¯NApi
∫
dτ R˙ · C, where
C = (1/pi)
∫
dr ∇Φ0 is the skyrmion chirality vector. This
topological term does not affect the classical equation of mo-
tion, but could in general have observable effects, for example,
in the tunneling probability [33, 40]. The most common class
of solutions of magnetic skyrmions has vanishing topological
term with C = 0, thus becoming manifestly a gauge invariant
theory.
The second part consists of the fluctuations χ(r¯, τ) around
m0(r¯), which we can consider as spin waves or magnons,
given by
Sfl = NA χ
† · Gχ . (6)
Here we introduce the compact scalar product notation for op-
erators and functions,
χ† · Gχ ≡
∫
dτdτ ′dr¯dr¯′ χ†(r¯, τ)G(r¯, τ ; r¯′, τ ′)χ(r¯′, τ ′) ,
(7)
where the scalar product in spinor space is left implicit. Fur-
ther we define
G = S¯σz∂τ +H ,
H = (lα)
2
εΛ
δχ†δχF|χ=χ†=0, (8)
where δχ is the functional derivative with respect to the field
χ(r¯, τ), and G is the magnon Green’s function. Finally, the
coupling between the center of mass R(τ) and the spin waves
χ(r¯, τ) is given by
SI = NA(χ
† · Kχ+ J † · χ+ χ† · J ), (9)
where
K = −S¯σzR˙iΓi ,
J = −S¯σzR˙ifi . (10)
Here, repeated indices, i, j = x, y, are summed over and we
introduce the abbreviations
Γi = ∂i − σx cot Θ0∂iΘ0 ,
fi =
1
2
(
sin Θ0∂iΦ0 − i∂iΘ0
sin Θ0∂iΦ0 + i∂iΘ0
)
. (11)
into the partition function, where δ(·) is the Dirac delta func-
tion. We then obtain
Z =
∫
DR e−SWZcl Z˜[R] ,
Z˜ =
∫
Dχ†Dχ δ(Gx)δ(Gy)det(JG)e−Sfl−SI , (12)
where JG = dG(τ)/dR(τ ′) is the Jacobian of the coordinate
transformation and is treated as an additional term in the ac-
tion, adaptable for perturbative calculation. We should stress
that the scalar product χ†(r¯)Yi(r¯) (in the 2-spinor space) is
determined by the properties of the Hamiltonian H. In most
casesH is not Hermitian for the standard metric and orthogo-
nality conditions are enforced by an inner product of the form
χ†(r¯)σzYi(r¯) [39].
We next integrate out the fluctuations χ and χ† from
the partition function neglecting terms O(1) in NA which
originate from the FP determinant det(JG). The in-
tegral over χ and χ† can be reduced to a Gaussian
form by completing the square, χ˜ = χ + (G +
K)−1J . The inverse of an operator, O−1, is defined by∫
dr¯′′dτ ′′O(r¯, τ ; r¯′′, τ ′′)O−1(r¯′′, τ ′′; r¯′, τ ′) = δ(r¯− r¯′)δ(τ−
τ ′). After integration, the partition function reduces to
Z˜[R] =
∫
Dχ˜†Dχ˜δ(Gx)δ(Gy)e−I−NAχ˜†·(G+K)χ˜
= e−I
1
det′[NA(G +K)] , (13)
where the prime on the determinant excludes the zero modes,
and where
I = −NAJ † · (G +K)−1J
≈ −NAJ † · G−1J . (14)
Upon exponentiating the determinant and expanding to lowest
nonvanishing order in R˙, we get
1
det′[NA(G +K)] ≈
e−Tr
′[− 12 (G−1K)2]
det′(NAG) , (15)
4where Tr′O =
∫
dτdr¯O(r¯, τ ; r¯, τ) denotes the trace and
where we use that Tr′(G−1K) = 0 due to periodic bound-
ary conditions in time. The approximations in Eqs. (14) and
Eq. (15) neglect terms O(R˙3).
The quantization of a skyrmionic field presented in this sec-
tion, with the dynamical part of the action proportional to Φ˙Π,
is significantly different from the canonical quantization of
theories with a dynamical part proportional to Φ˙2, for exam-
ple the quantization of a kink soliton of a (1+1) nonlinear field
theory[28] or a real two-component scalar field in (2+1) di-
mensions [41].
III. SKYRMION MASS AND DISSIPATION
Because Z˜[R] is, in general, nonlocal in time, it naturally
encodes dissipation of the skyrmion that is captured by the
action
Sd = −NAJ † · G−1J − Tr′[ 1
2
(G−1K)2] . (16)
Let Ψsn(r¯)e
iωντ/
√
β be the normalized eigenvectors of the
operator G,
GΨsn(r¯)eiωντ = (S¯iων + 2εsn)σzΨsn(r¯)eiωντ , (17)
where ων = 2piν/β are the Matsubara frequencies, with ν in-
teger, and where εsn is the corresponding eigenenergy of the
magnons, given as solutions of the eigenvalue problem (EVP)
HΨsn = 2εsnσzΨsn. Here we introduce index s = ±1 to dis-
tinguish between particle states Ψ1n(r) with eigenfrequency
ε1n = +εn and antiparticle states Ψ
−1
n (r) with eigenfrequency
ε−1n = −εn. We refer the reader to Appendix B for a detailed
discussion. Using this complete basis we get
G−1(r¯, τ ; r¯′, τ ′) = 1
β
∑
iων ,n
s=±1
′ sσzΨ
s
n(r¯)(Ψ
s
n(r¯
′))†σzeiων(τ−τ
′)
S¯iων + 2εsn
.
(18)
Insertion of the series expression (18) into Eq. (16) yields
Sd =
∫ β
0
dτ
∫ β
0
dσ R˙i(τ)γij(τ − σ)R˙j(σ) , (19)
where summation over repeated indices i, j = x, y is implied.
The damping kernel γij = γ0ij +γ
T
ij consists of a term propor-
tional to the effective spin NAS,
γ0ij(τ) = NAS¯
1
β
∑
s=±1
∑
iων
∑
n
′ sA
n,s
ij e
iωντ
iων + ε¯sn
, (20)
where ε¯sn = 2ε
s
n/S¯ with S¯ = Sl
2, the prime in the sum de-
notes omission of the zero modes, and the elements An,sij are
given by
An,sij = 〈fi,Ψsn〉〈Ψsn, fj〉 . (21)
The second part of the kernel is independent of the effective
spin NAS¯ and is calculated by evaluating the trace in Eq. (16)
in the eigenbasis of the operator G,
γTij(τ) =
1
β2
∑
s,s′=±1
∑
iων ,iων′
∑
n,n′
′ ss
′Bns,n′s′ij ei(ων−ων′ )τ
(iων + ε¯sn)(iων′ + ε¯
s′
n′)
,
(22)
with matrix elements
Bns,n′s′ij =
1
2
〈Ψsn, σzΓiΨs
′
n′〉〈Ψs
′
n′ ,ΓjσzΨ
s
n〉 . (23)
The sums (20) and (22) over Matsubara frequencies ων can be
explicitly performed using the following exact relation,
1
β
∑
ν
eiωντ
ω2ν + ε
2
n
=
1
2εn
cosh(εn(|τ | − β/2))
sinh(βεn/2)
, (24)
where the RHS is understood to be periodically extended be-
yond |τ | ≤ β/2. The action Eq. (19) takes the typical form
of a system coupled to a thermal reservoir governed by a lin-
ear dissipative process [42]. The expression for Sd contains
contributions that are nonlocal in imaginary time and describe
effective correlations of Ri with itself at different times. These
correlations are a consequence of an emission of a virtual
magnon at time τ generated by the motion of the skyrmion
which is then reabsorbed by the skyrmion at a later time τ ′.
The contributions at equal times, if finite, will give rise to a
mass of the skyrmion, which otherwise is absent. The form of
the kernel γij obviously depends on the microscopic details
of the system and determines the amplitude of these effects as
see below.
For the case of a translationally invariant free energy, the
translational modes with zero energy are proportional to the
functions fi. Because the summation over the magnon modes
excludes translation, An,sij = 0, we conclude that there is no
mass contribution from the damping kernel γ0ij . This is in
agreement with the well-known result that the skyrmion be-
haves like a massless particle in the presence of a magnetic
field [17]. However, the situation changes if we allow for a
perturbation in our free energy, denoted by V(r¯), which ex-
plicitly breaks translational symmetry. Treating V(r¯) in stan-
dard perturbation theory, the magnon states become in lowest
order,
Ψ˜sn(r¯) = Ψ
s
n(r¯) +
∑
s′=±1
∑
m6=Ψsn
Ψs
′
m(r¯)
εsn − εs′m
〈Ψs′m,WΨsn〉 ,
(25)
whereW = δχ†δχV|χ=χ†=0. Using the orthogonality proper-
ties of the unperturbed magnon modes, we find to lowest order
in V(r¯),
An,sij =
1
(εsn)
2
〈fi, σzWΨsn〉〈Ψsn,Wσzfj〉 , (26)
which in general is nonzero (see below). In contrast to γ0ij , the
second contribution to dissipation, γTij , assumes a finite value
5TABLE I. Relation between physical (tilde) and dimensionless parameters
Length Imaginary Time Temperature Magnetic Field Easy-axis Anisotropy Magnon Gap
r˜ = r J˜α
D˜
τ˜ = τ ~
J˜S2
T˜ = T J˜S
2
kB
gµBH˜ = h
D˜2
J˜
K˜ = κ D˜
2
J˜
ε˜gap = J˜S
2ε¯gap
in general, i.e., we find nonzero matrix elements Bns,n′s′ij 6= 0,
even for a translationally invariant system.
The first variation of the action Scl+Sd vanishes for the ex-
tremal (classical) path Ri(τ) obeying the following equation
of motion in bosonic Matsubara ων frequency space,
Q˜ωνijR
ων
j + ω
2
ν(γ
ων
ij + γ
−ων
ji )R
ων
j = −V ωνi , (27)
where ij is the Levi-Civita tensor and summation over re-
peated indices i, j is implied. Here, the β-periodic functions
in imaginary time are expanded into Fourier series as
Ri(τ) =
1
β
∑
iων
eiωντRωνi , (28)
and we assume the presence of a potential term V which
breaks translational symmetry which is incorporated in the
equation of motion through
V ωνi =
∫ β
0
dτ e−iωντ
δV
δRi
. (29)
The first term in (27) originates from the Berry phase and re-
sults in a Magnus force acting on the skyrmion proportional to
the winding number Q˜ = 4piS¯NAQ, recovering well-known
results [17, 18]. The Fourier coefficients γωνij are found from
Eqs. (20) and (22),
γωνij = NAS¯
∑
s=±1
∑
n
′ sA
n,s
ij
iων + ε¯sn
+
∑
s,s′=±1
∑
n,n′
′ ss
′Bns,n′s′ij
2
coth(
βε¯sn
2 )− coth(
βε¯s
′
n′
2 )
ε¯s
′
n′ − ε¯sn + iων
. (30)
The quantum dynamics of the skyrmion is described by a ker-
nel γωνij with a strong frequency dependence, in contrast to the
typical Gilbert damping. However, to be consistent with the
approximation that terms O(R˙3) are negligible, we note that
the damping kernel γωνij includes processes occurring at fre-
quencies ων . γωνij and the behavior for higher frequencies
is beyond the range of validity of our derivation. For low fre-
quencies, i.e. asymptotic imaginary time τ , the damping ker-
nel γωνij in Eq. (27) can be expanded, γ
ων
ij = γ
ων=0
ij +O( ωνε¯gap ),
which holds for all characteristic frequencies in the range
ων < ε¯gap, and consequently for temperatures in the range
T < ε¯gap, where ε¯gap is the lowest magnon energy gap. We
therefore observe that the effect of the damping can be re-
duced to a mass term defined as
Mij = Re[γων=0ij + γ−ων=0ji ] ≡M0ij +MTij , (31)
where the first term, which is temperature-independent and
proportional to the effective spin NAS¯, is given by
M0ij = NAS¯
∑
s=±1
∑
n
′ sRe[A
n,s
ij +An,sji ]
ε¯sn
, (32)
while the second mass term is explicitly temperature depen-
dent and independent of NAS¯,
MTij =
∑
s′,s=±1
∑
n,n′
ss′Re[Bns,n′s′ij ]
coth(
βε¯s
′
n′
2 )− coth(βε¯
s
n
2 )
ε¯sn − ε¯s′n′
.
(33)
Note that there is a nonvanishing particle-antiparticle contri-
bution to the effective mass at zero temperature,
MT→0ij =
∑
n,n′
′Re[B
n1,n′−1
ij + Bn−1,n
′1
ij ]
ε¯n′ + ε¯n
, (34)
which reflects the presence of quantum fluctuations at zero
temperature.
The definition of the mass as the zero-frequency limit of the
real part of the damping kernel (γωνij + γ
−ων
ji ) is valid under
the assumption that the real-time dynamics of the skyrmion
is described by circular modes ω˜ that are small compared to
the magnon gap ω˜ < ε¯gap. For example, in the presence of a
parabolic potential well V = K(R2x + R2y), the characteristic
frequency of the circular motion in the absence of a mass is
ω˜ = K/Q˜. Here, V is a perturbation to the magnon Hamilto-
nian H and Q˜ is proportional to the effective spin NAS, thus
the iων → 0 limit in the mass definition is well justified. In the
opposite case of a large dominant frequency, the mass tensor
is refined around ω˜ asMij = Re[γων=−iω˜ij +γων=iω˜ji ]. Finally,
note that ordinary friction, of the form of a damping propor-
tional to the velocity of the skyrmion, is also included in our
formulas and can be identified by the frequency-dependent co-
efficient dωνij = −ων Im[γωνij + γ−ωνji ].
The equation of motion Eq. (27) and the mass tensor
Eq. (31) are the main results of this section. They are valid
for a general magnetic texture m(r, τ) satisfying the specified
requirements, and govern the dynamics of its center-of-mass
position R(τ), taking into account quantum and thermal fluc-
tuations and allowing for a potential V that weakly breaks the
translational symmetry. This equation includes only dissipa-
tion produced by the magnon modes, while other sources giv-
ing rise to damping such as phonons and itinerant electrons
are not included. Thus, we also must assume that we work
at low enough temperatures such that phonon effects can be
safely neglected. It is worth mentioning that additional forces
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FIG. 2. Magnetization profiles Θ0(ρ) of a skyrmion as function
of radial distance ρ for a small-radius skyrmion with chosen easy-
axis anisotropy κ = 0.7 and magnetic field h = 0.5 (green line)
and a large-radius skyrmion with κ = 0.1 and h = 0.34 (red line).
Magnetic field is applied along the easy axis (all parameters given
in scaled dimensionless units, see text). The inset depicts the depen-
dence of the skyrmion radius λ on h for κ = 0.7.
should be included in Eq. (27) in the presence of a constant
magnon current generated by a source [43] or by a magnon
current induced by a temperature gradient [44].
The presence of a non-negligible mass term leads to ad-
ditional oscillatory modes in the real-time dynamics of the
skyrmion [20, 45]. From the structure of the elements Anij
of Eq. (21) and Bn,n′ij of Eq. (23), it is easy to see that in
the presence of a nonuniform but isotropic potential V or at
finite T , the diagonal mass terms are equal, Mxx = Myy,
while off-diagonal terms vanish,Mxy = Myx = 0, because
the real part of matrix elements An,sij and Bns,n
′s′
ij is antisym-
metric in indices i, j = x, y. Therefore, in the absence of a
driving force and assuming that the confinement is given by a
parabolic well V = K(R2x + R2y)/2, the real-time dynamics
of the skyrmion is oscillatory with two characteristic circular
modes given by
ω˜± = − Q˜
2M ±
√√√√( Q˜
2M
)2
+
K
M , (35)
where we introduce M = Mxx = Myy. Finally, the most
general case of an anisotropic potential V gives rise to four
distinct circular modes, originating from the fact that the mass
tensor elements are no longer equal, a result that could possi-
bly have interesting experimental implications.
IV. CHIRAL MAGNETS
In this section, we apply the formalism derived in the pre-
vious section explicitly to a skyrmionic magnetic texture, fo-
cusing on the low-temperature contribution to the mass, in
the presence of a perturbation in the free energy that breaks
translational symmetry. Skyrmions, known to be stable or
metastable solutions in chiral magnets with an applied mag-
netic field, are described on a square lattice by the spin Hamil-
tonian,
Hs =− J˜
∑
a,i
Sa · Sa+ei − K˜
∑
a
(Sza)
2 − gµBH˜
∑
a
Sza
− D˜
∑
a
[
(Sa × Sa+ex) · xˆ+ (Sa × Sa+ey ) · yˆ
]
.
(36)
Here, Sa = (Sxa , Sya , Sza) is the spin of size S at lattice site a
and e = (ex, ey) is the lattice unit vector. We assume the on-
site anisotropy constant to be positive, K˜ > 0, so that there is
an easy axis along z and fix the chirality of the Dzyaloshinskii-
Moriya (DM) interaction, D˜. The strength of the magnetic
field along the z axis is H˜ and the exchange interaction con-
stant is assumed to be ferromagnetic, J˜ > 0.
Using coherent state representation for the spins (assuming
S  1) and passing to the continuum limit [33], we find that
Eq. (36) corresponds to the free energy of the form
F(m) = J
∑
i=x,y
(
∂m
∂r˜i
)2
+Dm · ∇ ×m−Km2z −Hmz ,
(37)
where J = J˜S2, K = K˜S2/α2, H = gµBH˜S2/α2, and
D = D˜S2/α. We now introduce dimensionless spatial vari-
ables r = r˜/(lα) where l = J˜/D˜ = J/(Dα), while energies
are measured in units of εΛ = J˜S2 = J . The energy den-
sity in reduced units is defined as w(Φ,Π) = (lα)
2
εΛ
F(Φ,Π)
(see Eq. (A1)). We consider the regime of isolated skyrmions,
which exist for a wide range of parameters K and H as a
stable or metastable state. A skyrmion with Q = −1 is
parametrized by (see Appendix A)
Θ0(r) = Θ0(ρ) , Φ0(r) = φ± pi/2 , (38)
while the helicity, defined by the sign in Φ0, is commensu-
rate with the DM interaction. The structure of the stationary
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FIG. 3. Pictorial representation of a skyrmion in the presence of a
magnetic trap described by Eq. (41) for different magnetic trap sizes.
The colored surface represents the out-of-plane component of the
magnetization texture of a skyrmion with positive maximum at the
center (blue), while black solid line represents the size of the trap.
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FIG. 4. Dependence of the mass termM on the trap size λx = λy
of an isotropic magnetic trap of strength b0 = 0.01 at T = 0. The
skyrmion configuration is described by the parameters κ = 0.7, and
three values of magnetic field h = 0.2, 0.1, 0.05 with skyrmion
radius λ = 1.26, 1.57, 1.79, respectively.
skyrmion Θ0(ρ) is determined by the Euler-Lagrange equa-
tion derived from skyrmion energy w(Φ0,Π0) and is given
in Eq. (A4). Because there is no known analytic solution for
Θ0(ρ), the following function can be used as an approximate
solution,
Θ0(ρ) = 2 tan
−1
(
λ
ρ
e−
ρ−λ
ρ0
)
. (39)
Roughly speaking, ρ0 =
√
2/(2κ+ h) determines the
amount of spins that are noncollinear with the easy axis, while
λ, which we obtain numerically using an algorithm based
on Runge-Kutta formulas [46], is the skyrmion radius of the
area for which the spins are parallel to the easy axis. Here,
κ = K˜J˜/D˜2 and h = gµBH˜J˜/D˜2 are the dimensionless pa-
rameters describing easy axis anisotropy and magnetic field,
respectively (see Table. I). In the opposite limit of a large-
radius skyrmion the magnetization profile is described by
cos Θ0(ρ) = tanh(
ρ− λ
∆0
) , (40)
where the parameters λ and ∆0 are calculated numerically
by fitting the approximate function (40) to the numerical so-
lution of the Euler-Lagrange equation (A4). Magnetization
profiles of skyrmions in the small- and large- radius limit ob-
tained numerically are depicted in Fig. 2. A detailed discus-
sion of the magnon eigenstates Ψn is provided in Appendix
B. Apart from the magnon scattering states Ψscn that lie above
the magnon gap εMS = κ+h/2, induced by the anisotropy and
magnetic field, there exist massive internal modes Ψbsn that are
found for energies 0 < εn ≤ εMS. These bound states corre-
spond to deformations of the skyrmion into breathing modes
and were discovered numerically in Refs. 43 and 47.
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FIG. 5. Magnetic field dependence of the mass termM in the pres-
ence of a defect for a skyrmion with κ = 0.7, JD = 0.1 at T = 0.
We depict three different values of defect size λD = 2 (a), 0.5 (b),
and 0.2 (c). The inset shows the dependence ofM on the defect size
λD for a skyrmion with h = 0.2, 0.1, 0.05 and skyrmion radius
λ = 1.26, 1.57, 1.79, respectively.
V. INDUCED SKYRMION MASS
The mass tensorM0ij (32) of a magnetic skyrmion propor-
tional to the effective spin NAS¯ is now investigated, which
is nonzero only in the presence of a perturbation in the free
energy that breaks translational symmetry. We should stress
that once a perturbation is considered, the skyrmion acquires
a mass equal to M0ij at any temperature. We consider three
isotropic mechanisms for the generation of a skyrmion mass,
all breaking translational invariance. (1) a magnetic trap, gen-
erated by a nonuniform magnetic field, (2) a local defect that
alters the exchange constant, and (3) a periodic variation in the
exchange constant. In all three cases, we assume the trans-
lationally noninvariant terms to be much smaller than those
that are translationally symmetric, | ∫ drV(Φ0,Π0)|  SE ,
and they can thus be treated perturbatively. In all cases where
an isotropic potential in x and y direction is applied, we find
M0xx =M0yy =M.
A simple realization of a magnetic trap is
b(r) = −b0e
− x2
λ2x
− y2
λ2y zˆ , (41)
where λx and λy characterize the size of the trap along the x
and y directions, respectively. See Fig. 3 for a visualization of
the radially symmetric, λx = λy , and asymmetric, λx 6= λy ,
magnetic traps. Because the propagating magnon modes are
suppressed, we numerically calculate the mass terms by in-
cluding only the lowest energy bound states, which are them-
selves found variationally, in the sum of Eq. (31). In Fig. 4 we
plot these results as a function of λx for a radially symmetric
trap, λy = λx, where we have a chosen κ = 0.7, b0 = 0.01
and three values of magnetic field h = 0.2, 0.1, 0.05 with
skyrmion radius λ = 1.26, 1.57, 1.79 respectively. For λx
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FIG. 6. Magnetic field dependence of the mass termM for spatially
dependent periodic exchange interactions with λP = 1.5, JP = 0.1
and T = 0. Inset a) depicts the λ2 dependence ofM, while inset b)
illustratesM as a function of period λP for h = 0.1.
smaller than a critical value λcrx ∼ λ, the mass increases with
increasing λx, while for λx & λcrx the mass decreases mono-
tonically.
When there is a local defect in the crystal structure of the
chiral magnet, e.g. at the origin, the exchange interaction is a
function of position around that point which we model as
J → J0 − JDe−ρ/λD , (42)
where JD and λD parametrize the strength and size of the
defect, respectively.
In Fig. 5 we plot the skyrmion mass due to such a defect as
a function of applied magnetic field for several values of λD
and JD = 0.1. The behavior of Fig. 5 implies that as long as
λD < λ, the massM increases with increasing (decreasing)
magnetic field (Skyrmion size), peaking around λD ∼ λ and
then for λD > λ decreases with decreasing skyrmion size (see
Fig. 5(b) and (c)). We see no peak when λD = 2, Fig.5 (a),
because the skyrmion radius for all positive magnetic fields
is smaller than the size of the defect. In addition, the depen-
dence ofM on λD is presented in the inset of Fig. 5, where
a peaked behavior is suggested with a maximum around λ.
We note that although it has been shown that a model with
spatially dependent exchange interactions similar to Eq. (42)
acts as a pinning potential[48], i.e., ∂V/∂Ri in Eq. 27, our
findings show that additionally a finite mass is generated. Fi-
nally, because of the discrete underlying lattice the exchange
interaction can obtain a periodic modulation along the lattice
vectors,
J → J0 − JP cos(x/λP )− JP cos(y/λP ) , (43)
where JP and λP are the strength and period, respectively, by
which the exchange deviates from J0. In Fig. 6 we plot the
magnetic field dependence ofM for λP = 1.5 and JP = 0.1.
Focusing on the dependence ofM on the skyrmion radius λ,
illustrated in the inset of Fig. 6 (a), it becomes apparent that
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FIG. 7. Dependence of the mass termsM0xx andM0yy on the trap
size λx of an anisotropic magnetic trap of strength b0 = 0.01 and
fixed λy = 2. The skyrmion configuration is described by the pa-
rameters κ = 0.7, h = 0.1, and λ = 1.57. The dashed vertical line
indicates the location of λy = 2.
M grows with the area λ2. Further results are provided in the
inset of Fig. 6 (b), where we examine the dependence of the
mass on the period λP for h = 0.1, λ = 1.57, and JP = 0.01.
Figure 6 (b) reveals a peaked behavior around λ/2.
A. Massive Skyrmion in quasi-1D confinement
The case of a magnetic skyrmion confined in a quasi-one-
dimensional space can be realized by applying an anisotropic
magnetic trap whose size is much larger in one spatial direc-
tion than in the other, i.e., λx  λy . A pictorial representation
of a skyrmion in the presence of an anisotropic magnetic trap
is provided in Fig. 3. When λx 6= λy , the elements of the mass
tensor M0ij are no longer equal, but acquire different values
depending on the size of the magnetic trap. In Fig. 7 we plot
the dependence ofM0xx andM0yy on λx for a fixed value of
λy = 2 and a skyrmion with κ = 0.7, h = 0.1 and λ = 1.57.
We find thatM0xx is maximized at λ; conversely,M0yy grows
until λy ∼ λx upon which it approaches a constant value.
A corollary of the preceding discussion is that the highly
anisotropic magnetic trap acts as a magnetic quantum wire,
along which the skyrmion moves as a massive particle due to
its one-dimensional confinement. Our investigation demon-
strates that skyrmions observed in confined geometries such
as magnetic nanowires [50] exhibit fundamentally different
dynamical behavior compared to the one in unconfined 2D
geometries. It would be interesting to test this prediction.
VI. SKYRMION MASS AT FINITE TEMPERATURE
When no translational symmetry breaking term is present,
the only contribution to the mass is given by the term MTij ,
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FIG. 8. Magnetic field dependence of diagonal mass tensor elements
Mbs−scii for a skyrmion with κ = 0.1, at temperature T = 0.05 and
for S = 1 and J˜/D˜ = 4. The magnetic field region where bound
states contribute to the mass is bounded by the critical field below
which the skyrmion becomes unstable (left vertical line) up to the
field where the bound state energy passes to the continuous spectrum
(right vertical line).
which is independent of NAS¯ and finite even at vanishingly
small temperatures. The series expression Eq. (33) requires
the summation over the full magnon spectrum, that is over
scattering states Ψscm,k which are classified by the azimuthal
quantum number m as well as the radial momentum k ≥ 0
with energy εk = εMS + k2, with εMS = κ + h/2. In addition
to scattering states, one needs to take into account localized
modes Ψbsm, classified by m with energies in the range 0 <
εm ≤ εMS. Therefore we consider the following terms,
MTij =Mscij +Mbsij +Mbs-scij , (44)
where Mscij denotes the contribution from scattering states,
Mbsij the contribution from bound states, and Mbs-scij takes
into account combinations of bound-scattering states. Here,
we focus on large-radius skyrmions for low magnetic fields
and easy axis anisotropy, where the skyrmion is expected to
support more internal modes with energy below εMS than for
small-radius skyrmions. As the magnetic field or easy-axis
anisotropy is increased, the radius decreases and the modes
sequentially leave the gap region, pass to the continuous spec-
trum and transform into quasilocalized modes. Therefore,
there is a bounded parameter region of h and κ where the re-
quirement εm ≤ εMS is fulfilled.
A calculation of bound and scattering states is presented in
Appendix B, while explicit expressions for Mscij , Mbsij , and
Mbs-scij are given in Appendix C. From the form of the matrix
elements Bns,n′s′ij of Eq. (23) we conclude that only combina-
tions of states with angular momentum difference ∆m = ±1
contribute to the finite T skyrmion massMTij . From the varia-
tional calculation of bound state energies in the large skyrmion
limit for the parameter range considered here, we find two lo-
calized modes below the magnon continuum with m = 0 and
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FIG. 9. a) The colored surface represents the skyrmion massMscxx
in the quantum regime calculated from Eq. (31) for κ = 0.1, S = 1,
and J˜/D˜ = 4 as a function of dimensionless magnetic field h and
temperature T (for units see text). The dashed line T = 2(κ+h/2)
S(J˜/D˜)2
indicates the range of validity of Eq. (31). b) Magnetic field depen-
dence ofMscxx for a fixed temperature T = 0.03 and c) temperature
dependence ofMscxx for a fixed magnetic field h = 0.35.
m = 2. Therefore, we find vanishing contributions from the
term Mbsij because the zero mode with m = 1 is excluded
from the summations. The behavior ofMbs-scij for a skyrmion
with κ = 0.1, S = 1 and J˜/D˜ = 4 as a function of h for
T = 0.05 is summarized in Fig. 8, while the main features of
Mscxx as a function of T and h are depicted in Fig. 9. Explicit
expressions on summations over scattering states are given in
Appendix C. Summations over the quantum number m con-
verge rapidly and are bounded between −7 6 m 6 7. In
Fig. 9, we calculateMTij for a discrete set of h and T and then
we adopt a process to obtain the mass as a smooth function of
(h, T ).
We note that Eq. (31) for the mass is valid up to tempera-
tures of the order of the magnon gap, i.e., T . ε¯gap = 2εgapS(J˜/D˜)2 .
For Fig. 9 we have εgap = εMS. Choosing J˜ = 32 × 10−4
eV, D˜ = 8 × 10−4 eV, α = 9 A˚ , K˜ = 0.2 × 10−4 eV
(κ = 0.1), S = 1, and for a skyrmion stabilized at H˜ = 864
mT (h = 0.5), the effective massMscij has a temperature de-
pendence given in Eq. (33) which is valid up to T˜ . 1.62
K. Similarly, for a skyrmion stabilized at H˜ = 518 mT
(h = 0.3), the highest temperature for which Eq. (33) is reli-
able is T˜ . 1.16 K. The mass in physical units is then given
byMscij · 0.7× 10−28 kg.
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VII. DISCUSSION
Equation (31) is the first closed formula for the effective
mass of a skyrmion, obtained microscopically in the pres-
ence of arbitrary external perturbations arising from defects,
nonuniform magnetic fields, and external potentials and at fi-
nite temperature. Skyrmion phases have been observed in sev-
eral metallic ferromagnets, including MnSi [3] and FeGe [51],
as well as in the insulator Cu2OSeO3 [52, 53]. Typical pa-
rameter values for Cu2OSeO3 crystals are J˜ = 33.36× 10−4
eV, D˜ = 7.47 × 10−4 eV and α = 8.911 A˚ (J˜/D˜ = 4.46)
[54]. The induced mass in physical units is then given by
M0ij ×NA · 4 · 10−26 kg, which corresponds to 5× 104 elec-
tron masses. The scale that separates the quantum from the
finite-temperature regime is given by the magnon gap ε˜gap ∼ 2
K. A typical scale for the quantum massMTij is ∼ 10−28 kg
with a temperature dependence given in Eq. (33) and plotted
in Fig. 9. For high temperatures, kBT˜ > ε˜gap, our approxima-
tion breaks down since the reduction of the damping kernel
to an effective mass in Eq. (31) is not valid anymore. We
remark that the skyrmion dynamics in this classical regime,
ε˜gap < kBT˜  J , was studied in Ref. [19] via a stochastic
LLG equation giving a mass that is independent of temper-
ature. This suggests that the weak temperature dependence
of the mass found here in the quantum regime is flattened off
by some second-order processes activated at higher tempera-
tures, such as magnon-magnon interactions (neglected in this
work). It would be interesting to include such higher-order
terms in our microscopic approach systematically. We leave
such a study for future work.
Further, we note that the authors of Ref. [19] predict a
strong frequency dependence of the dynamics of the skyrmion
motion, as a result of the presence of time-dependent forces,
as well as the coupling of the skyrmion to magnon exci-
tations. Among the results so obtained is a large numeri-
cal value temperature independent effective mass m(ω) as
well as a frequency-dependent Gilbert damping D(ω). To
make contact with these results, a frequency-dependent mass
is identified as m(ω) → 2 Reγωνii and Gilbert damping is
D(ω) → −2ων Imγωνii , where γωνii due to magnons is known
exactly and given in Eq.(30). Since eigenenergies and fre-
quencies scale as 1/λ2, where λ is the skyrmion radius, from
our explicit expressions we obtain that, m(ω) ∼ λ2 (see inset
of Fig. 6) while D(ω) is independent of λ, a result which is
consistent with Ref. [19]. Moreover, a large inertial mass is
found for the case of thermal diffusion which induces a large
skyrmion distortion (strong translational symmetry breaking
term), while an almost vanishing mass was found for the case
of an electric current-driven motion, when the skyrmion flows
with the current with little distortion (weak translational sym-
metry breaking term). This result is consistent with the inter-
pretation of skyrmion mass generation provided by our calcu-
lation; any term which explicitly breaks translational symme-
try will induce a finite mass even at vanishingly small temper-
ature.
Quite generally, the skyrmion dynamics obtained by the
LLG equation and the (quantum) damping obtained exactly in
closed form in the present work are complementary methods.
The former provides a reliable framework especially when a
microscopic description is difficult to obtain, for example the
inclusion of a large number of microscopic degrees of free-
dom such as electrons. However, the latter can provide a de-
tailed microscopic origin of dissipation beyond the classical
limit and beyond the predictability of the LLG equation.
In Ref. [55] an inertial term was estimated that appears due
to a confining potential, independent of the skyrmion size λ
and proportional to the stiffness of the harmonic confining po-
tential. Finally, it is also worth mentioning that an approx-
imate evaluation of the mass term of a skyrmion magnetic
bubble, a circular domain wall stabilized by long-range in-
teractions has been found in Ref. [20], derived by generaliz-
ing Thiele’s approach beyond steady motion. We emphasize
that the mass tensor depends on the inverse of the magnon
energy εn. We therefore expect that bound states, which cor-
respond to deformations of the skyrmion with energies below
the gap, have a larger contribution. This finding is consistent
with Ref. [20] where an approximate value for the mass of a
magnetic bubble domain has been calculated by considering
contributions from distortions of the circular domain wall. In
addition, a large value of inertia mass of a magnetic bubble
has been experimentally reported in Ref. [45]. The bubbles
were subjected to a magnetic disk and the presence of an iner-
tial mass was attributed to a breathing mode associated with a
change of the bubble size.
While several studies demonstrate the association of inertia
mass to deformations of the skyrmion, an explicit analytical
formula has been missing so far and is provided here. Our de-
tailed calculations shed light on the mechanism of mass gen-
eration, and we also provide an analytic formula, valid in the
presence of arbitrary external perturbations which can serve
as a basis for a variety of further studies.
VIII. CONCLUDING REMARKS
The main task of the paper is to describe dissipation of a
magnetic skyrmion using the canonical scheme of quantiza-
tion. Within this formalism the skyrmion position is promoted
to a time-dependent dynamical variable and a finite pertur-
bation theory in terms of fluctuations around the skyrmionic
configuration is performed. The interaction of the skyrmion
with these magnon modes gives rise to a damping term that is
found to be time dependent, in contrast to the typical Gilbert
damping. The time-dependence of damping kernel indicates
that damping depends on the velocity of the skyrmion of the
past.
Perhaps, the most interesting feature is that the effect of
damping is reduced to a mass term in some limits. We demon-
strate that a massless skyrmion at the classical level is a con-
sequence of the translational symmetry assumed for the sys-
tem. Our investigation suggests that, even at vanishingly small
temperature, the skyrmion mass is nonzero in the presence
of an external perturbation arising from defects, nonuniform
magnetic fields and external potentials. Among the transla-
tional symmetry breaking terms we consider here, we empha-
size the case of a quasi-one dimensional wire provided by an
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anisotropic magnetic trap, along which the skyrmion moves
as a massive particle owing to its confinement. To complete
the description we also examine damping in the absence of
perturbations, and we calculate an effective spin-independent
quantum term with an explicit temperature dependence and
a nonvanishing particle-antiparticle contribution at zero tem-
perature. This result reflects the fact that not only thermal but
also quantum fluctuations contribute to a mass term.
This picture suggests that in the absence of perturbations,
massive magnon modes are activated at finite temperatures.
A utilization of the improved skyrmion dynamics calculated
in the present paper could be towards the direction of inves-
tigating the possibility of depinning via quantum tunneling, a
behavior that has been studied both theoretically [62] and ex-
perimentally [63] in similar mesoscopic magnetic structures,
such as magnetic domain walls.
In our present study, we exclusively focus on damping
caused by intrinsic mechanisms originating from the inter-
action of the skyrmion with magnon modes which it gener-
ates and couples back to, giving rise to damping. Additional
sources of damping could arise if one takes into account time-
dependent forces or the interaction of the skyrmion to extrin-
sic degrees of freedom, like a current of electrons or phonons.
However, this is beyond the scope of this work, and we leave
it as a motivation for further studies making use of the general
formalism developed here.
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Appendix A: Skyrmion as Saddle Point Configuration
In this Appendix we give the explicit form of the skyrmion
by finding the approximate saddle point configuration of the
free energy of Eq. (37). It is convenient to introduce dimen-
sionless spatial variables r = r˜/(lα), where l = J˜/D˜ =
J/(Dα), and εΛ = J = J˜S2 is a characteristic energy
scale. The energy density of the spin configuration in re-
duced units w(Φ,Π) = (lα)
2
εΛ
F(Φ,Π) in polar cooordinates
r = (ρ cosφ, ρ sinφ) is given by
w(Φ,Π) = (∇Θ)2 + sin2 Θ(∇Φ)2 − κ cos2 Θ− h cos Θ
+
(
cos(φ− Φ)∂Θ
∂ρ
− sin Θ cos Θ sin(φ− Φ)∂Φ
∂ρ
− 1
ρ
sin(φ− Φ)∂Θ
∂φ
− 1
ρ
sin Θ cos Θ cos(φ− Φ)∂Φ
∂φ
)
, (A1)
where κ = KJ/D2 and h = HJ/D2. The functional (A1)
produces a rich phase diagram of magnetic phases, includ-
ing a cone phase, a helicoid phase, isolated skyrmions, and
skyrmion lattices [56–58]. In the presence of additional in-
teractions, such as Rashba spin-orbit coupling, the stability of
skyrmion phases is enhanced over a large range of magnetic
fields[59]. In the following we will consider the regime of iso-
lated skyrmions which exists for a wide range of parameters κ
and h as a metastable state of the ferromagnetic background
m = (0, 0, 1). Rotationally symmetric solutions are described
by
Θ0(ρ, φ) = Θ0(ρ), Φ0(ρ, φ) = φ+ pi/2 , (A2)
for a skyrmion with topological number Q = −1. The
skyrmion energy with respect to the uniform state is,
w0(Φ0,Π0) = (∇Θ0)2 + ( 1
ρ2
+ κ) sin2 Θ0 + h(1− cos Θ0)
+ Θ′0 +
1
ρ
sin Θ0 cos Θ0 . (A3)
The structure of the stationary skyrmion is determined by the
Euler–Lagrange equation,
Θ′′0(ρ) +
Θ′0(ρ)
ρ
− sin Θ0 cos Θ0
ρ2
+
sin2 Θ0
ρ
− h
2
sin Θ0 − κ
2
sin 2Θ0 = 0 , (A4)
with boundary conditions Θ0(0) = pi and Θ0(∞) = 0. Be-
cause there is no known analytic solution, the following func-
tion can be used as an approximate solution
Θ0(ρ) = 2 tan
−1
(
λ
ρ
e−
ρ−λ
ρ0
)
, (A5)
where ρ0 =
√
2/(2κ+ h). The skyrmion radius λ can be
determined by fitting the Ansatz (A5) to the one obtained nu-
merically using an algorithm based on Runge–Kutta formulas
[46]. In the opposite limit of a large-radius skyrmion the mag-
netization profile is described by
cos Θ0(ρ) = tanh(
ρ− λ
∆0
) , (A6)
where the parameters λ and ∆0 are again calculated numeri-
cally by fitting the approximate function (A6) to the numerical
solution of the Euler-Lagrange equation (A4). Magnetization
profiles of skyrmions in the small-radius limit are depicted in
Fig. 2.
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Appendix B: Magnon Spectrum
In this section we provide a full analysis of the calculation
of magnon modes, including some general properties of the
magnon Hamiltonian.
1. Non-Hermiticity
Magnon modes are solution of the eigenvalue problem
HΨRn,a = 2εnσzΨRn,a, where the explicit form of the Her-
mitian Hamiltonian H is given in Eq. (B13) below. Here, the
indexR denotes the fact that ΨRn,a are right eigenvectors of the
non-Hermitian matrix σzH. Further, n is the quantum num-
ber and a counts for any possible degeneracy. Note that the
pseudo-Hermitian operator σzH satisfies the relation
(σzH)† = σz(σzH)σz . (B1)
In addition to the right eigenstates ΨRn,a of operator σzH,
we introduce left eigenstates of the Hermitian adjoint ma-
trix (σzH)†ΨLn,a = 2ε∗nΨLn,a. Hermiticity of the operator
σzH is assured with respect to a new inner product between
left and right eigenstates 〈ΨLn,a|ΨRm,a〉 = δn,m[14]. Us-
ing Eq.(B1), it can be shown that left and right eigenvectors
are connected through the relationship 〈ΨLn,a| = 〈ΨRn,a|σz .
Therefore, biorthogonality conditions are enforced as
〈Ψn,a|σz|Ψm,a〉 = δn,m , (B2)
where we have now dropped the indexR/L which distinguish
between right and left eigenfunctions. The identity operator is
given by
1 =
∑
n,a
|Ψn,a〉〈Ψn,a|σz , (B3)
while the trace of an operator A is computed as
Tr(A) =
∑
n,a
〈Ψn,a|σzA|Ψn,a〉 . (B4)
2. Particle-Antiparticle symmetry
In this section we discuss a particular symmetry for the
magnon Hamiltonian H which is known for the case of mag-
netic excitations in ferromagnetic 2D skyrmions [19] and for
vortices in 2D easy-plane ferromagnets [39]. In particular,
there exist a transformation matrix C = Kσx, where K de-
notes complex conjugation, under which HamiltonianH is in-
variant CHC† = H, while the Pauli matrix σz changes sign
CσzC
† = −σz . This symmetry generates an additional class
of solutions of the same eigenvalue problem, but with negative
eigenfrequencies.
More specifically, it can be shown that if states Ψn,a are
solutions of the eigenvalue problem (EVP)
HΨn,a = 2εnσzΨn,a (B5)
with eigenfrequencies εn ≥ 0, then states CΨn,a are solu-
tions of the same EVP (B5) with eigenfrequency −εn. Such
a symmetry is called particle-antiparticle. To describe these
two classes of solutions, we introduce the index s = ±1 such
that Ψ1n with eigenfrequency ε
1
n = +εn corresponds to parti-
cles, while Ψ−1n,a = CΨ
1
n,a with ε
−1
n = −εn to antiparticles.
The biorthogonality conditions for the solutions Ψsn,a are
〈Ψsn,a|σz|Ψsm,a〉 = sδn,m
〈Ψsn,a|σz|Ψ−sm,a〉 = 0 . (B6)
From the conditions (B6), it follows that the energy levels are
not necessarily linked to the eigenfrequencies εn. The mea-
sure of the energy of a mode Ψn,a is given by the quantity
En = 〈Ψsn,a|H|Ψsn,a〉 = εsn〈Ψsn,a|σz|Ψsn,a〉 . (B7)
It is easily demonstrated that modes with eigenenergies εn and
−εn have their energies En equal in sign (positive) and value.
The unity operator is redefined as
1 =
∑
s=±1
∑
n,a
s|Ψsn,a〉〈Ψsn,a|σz , (B8)
and the trace of an operator changes accordingly,
Tr(A) =
∑
s=±1
∑
n,a
s〈Ψsn,a|σzA|Ψsn,a〉 . (B9)
3. Eigenvalue problem
Here we consider the spectrum of the magnon modes on the
skyrmion background. For reasons of convenience, in this sec-
tion we use the notation Ψn to denote particle states, and an-
tiparticles states are recovered using the particle-antiparticle
symmetry described in the preceding subsection. Magnon
scattering states are obtained for energies εn ≥ εMS, with
εMS = κ + h/2. In addition to scattering states, we ex-
pect localized modes that correspond to deformations of the
skyrmion into polygons (breathing modes) in the range 0 <
εn < εMS. The existence of such modes was found numer-
ically in Refs. [47] and [43]. An extensive analysis of the
magnon spectrum has been provided in Ref. [43], where the
authors numerically determine the magnon bound states and
provide an analytical and numerical description of magnon
scattering states. Here we repeat some steps of the analysis
adapted to our puprose and introduce a variational approach
for the calculation of the bound states in the small and large
radius limit of skyrmions.
To begin with, we seek for solutions of the EVP (B5) ,
where the Hamiltonian is given by
H = 2[−∇2 +U0(ρ)]1+2W (ρ)σx−2iV (ρ) ∂
∂φ
σz . (B10)
Here, the potential terms V (ρ), W (ρ), and U0(ρ) are defined
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by
V (ρ) =
2 cos Θ0
ρ2
− sin Θ0
ρ
,
W (ρ) =
sin 2Θ0
4ρ
− (Θ
′
0)
2
2
+
1
2
(κ+
1
ρ2
) sin2 Θ0 − Θ
′
0
2
,
(B11)
and
U0(ρ) =
h cos Θ0
2
− 3 sin 2Θ0
4ρ
− (Θ
′
0)
2
2
+(
κ
4
+
1
4ρ2
)(1 + 3 cos 2Θ0)− Θ
′
0
2
, (B12)
where the quantum number n labels both localized modes and
scattering states. Next, we represent solutions in terms of
wave expansions Ψn = eimφψn,m(ρ), and the EVP is writ-
ten asHmψn,m(ρ) = εn,mσzψn,m(ρ) with
Hm = (−∇2ρ + U0(ρ) +
m2
ρ2
)1+ V (ρ)mσz +W (ρ)σx ,
(B13)
where∇2ρ = ∂
2
∂ρ
+ 1ρ
∂
∂ρ
. These eigenfunctions are normalized
such that∫ ∞
0
dρ ρψ†n,m(ρ)σzψn′,m(ρ) = δn,n′ . (B14)
One of the translational modes with zero energy is given by
Ψ11 = e
iφ 1√
8
(
Θ′0 − 1ρ sin Θ0
Θ′0 +
1
ρ sin Θ0
)
(B15)
and the other is found using the particle-antiparticle symmetry
Ψ−11 = KσxΨ
1
1 = e
−iφ 1√
8
(
Θ′0 +
1
ρ sin Θ0
Θ′0 − 1ρ sin Θ0
)
. (B16)
Here, the upper index corresponds to particle/antiparticle
while the lower to the quantum number m.
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FIG. 10. Magnetic field dependence of the energy of the localized
mode with (a) m = −1 for a skyrmion with κ = 0.7 described by
Eq. (B17) and (b) with m = 0 and m = 2 for a skyrmion with
κ = 0.1 described by Eq. (B19). Shaded areas depict the magnon
continuum with boundary line εMS.
a. Small-Radius Skyrmion
For magnetic solitons in 2D easy–axis ferromagnets in the
small–radius limit there is a bound state with m = −1 that
remains localized and is associated with the soliton displace-
ment [60]. We extend these results to the skyrmion field,
and we seek for a localized mode with m = −1 by per-
forming a variational calculation. We choose trial functions
Ψ−1 = e−iφψ−1(ρ) as [60]
ψ−1(ρ) =
(
Θ
′
0 − sin Θ0/ρ+ aρ2Θ
′
0 − bρ sin Θ0
Θ
′
0 − sin Θ0/ρ+ aρ2Θ′0 + bρ sin Θ0
)
, (B17)
and minimize the functional
U =
∫
dρ ρ ψ†−1(ρ)(H−1 − ε−1σz)ψ−1(ρ) (B18)
with respect to the variational parameters a and b in order to
calculate the energy ε−1. Then, the parameters a and b can be
found from the normalization conditions (B14). In Fig. 10 (a)
we illustrate the energy ε−1 as a function of magnetic field h
for κ = 0.7. Within the limits of the variational approach,
we find ε−1 < εMS for a wide range of magnetic fields up to
h = 8.
b. Large-Radius Skyrmion
In the limit of large radius, the magnetization profile of the
skyrmion is described by Eq. (A6) and the localized modes
Ψbsm with energy εm are again found variationally, but now
using the trial functions [49]
Ψbsm(r) =
1√
2pi
eimφ
(
amf0(ρ)
bmf0(ρ)
)
, (B19)
where f0(ρ) = A/ cosh(ρ−λ∆0 ) and A is chosen such that∫
dρρf20 = 1. The condition of minimizing the energy func-
tional U = ∫ dr(Ψbsm)†(Hm − σzεm)Ψbsm, along with normal-
ization conditions satisfied by the functions Ψbsm(ρ) will spec-
ify the eigenenergies εm as well as the variational parameters
am and bm. In Fig. 10 (b) we display the energies ε0 and ε2
as a function of magnetic field h for κ = 0.1.
c. Scattering States
To complete the description of the magnon spectrum we
need to include the scattering states Ψscm,k(r) classified by
m as well as the radial momentum k > 0. Here we repeat
some steps of the calculation of Ψscm,k(r) originally presented
in Ref. [43] for reasons of a complete discussion. In the ab-
sence of a skyrmion, magnon scattering states are described
by
H0m = (−∇2ρ +
m2 + 1
ρ2
+ εMS)1+
2m
ρ2
σz , (B20)
14
and the eigenvalue problemH0mψfreem,k = εkψfreem,k is solved by
ψfreem,k = νmJm+1(kρ)
(
1
0
)
, (B21)
where Jm are the Bessel functions of the first type, νm a nor-
malization constant and εk = εMS + k2, with εMS = κ + h/2.
In the presence of a skyrmion the scattering problem of
Eq. (B13) is reformulated asHm = H0m + V scm with
V scm = u0(ρ)1+
[
V (ρ)− 2
ρ2
]
mσz +W (ρ)σx , (B22)
with potential u0(ρ) = U0(ρ)− h2 − 1ρ2 − κ. In this case, the
solutions of the eigenvalue problemHmψscm,k = εkψscm,k are
ψscm,k(ρ) = dm [cos(δm)Jm+1(kρ)− sin(δm)Ym+1(kρ)]
(
1
0
)
,
(B23)
where Ym are the Bessel functions of the second kind, dm(k)
is a normalization constant and δm(k) is a scattering phase
shift that determines the intensity of magnon scattering due to
the presence of the skyrmion. The phase shifts can be calcu-
lated within the WKB approximation [43, 61] as
δm(k) =
∫ ∞
ρ1
dρ
(√
k2 + εMS − UWKB(ρ)− k
)
dρ
+
pi
2
|m+ 1| − kρ1 , (B24)
where ρ1 is the first classical turning point εk = UWKB(ρ1),
when approachingUWKB(ρ) from large distances. The effective
WKB potential is given by
UWKB(ρ) = εk − µ(ρ/ρ0)
ρ2
, (B25)
with ρ0 =
√
2/(2κ+ h) = 1/
√
εMS and µ(x) is the eigen-
value of the operator
Λ(x) = −(m1+ σz)2 + ρ20e2x(−
1
ρ20
1+ εkσz − V scm(ρ0ex)) ,
(B26)
which corresponds to the eigenvector v(x) ∝ (10). Here, we
use x = log(ρ/ρ0) and v(x) = ψscm(ρ0e
x). Taking into ac-
count the angular coordinate, scattering states are described
by
Ψscm,k(r) =
eimφ√
2pi
ψscm,k(ρ) , (B27)
where ψscm,k(ρ) is given in Eq. (B23), while scattering phase
shifts δm(k) are calculated with the help of Eq. (B24).
Appendix C: Technical Details on the Mass Tensor
In this Appendix we discuss various technical details rele-
vant to the mass tensorM0ij andMTij .
First order perturbation theory for the calculation of mass
termM0ij . To investigate the effect of the external perturba-
tions to magnon modes it is convenient to consider small per-
turbations V that alter the eigenfunctions Ψ˜n = Ψn + δΨn,
where Ψn are eigenfunctions of the unperturbed Hamiltonian
H given in Eq. (B10). Since damping and mass depend on the
inverse of the magnon energy εn, we expect that bound states
below the gap have a larger contribution to the mass terms
M0xx andM0yy appearing in Eq. (31). Among them, the state
Ψs−1 turns out to be the most important one for the form of
external perturbations considered here. Under the assumption
that we keep only the state Ψs−1 in the sum over all magnon
modes we arrive at
M0ii = NAS¯
∑
s,s′=±1
|Ds,s′ |2 +NAS¯li
∑
s=±1
(Ds,sD
∗
−s,s + c.c.)
(C1)
where lx = 1, ly = −1 and Ds,s′ = 〈Ψs1|W|Ψs
′
−1〉. Off-
diagonal elements Mxy and Myx do not contribute to the
equation of motion for the skyrmion center-of-mass R. In the
above expressions we have used the following exact relations,
fx = − i√
2
σz(Ψ
1
1 + Ψ
−1
1 ) , (C2)
fy = − 1√
2
σz(Ψ
1
1 −Ψ−11 ) . (C3)
The eigenstate Ψs−1 has been calculated variationally in Ap-
pendix B in the small–skyrmion limit. For this calculation,
the skyrmionic static configuration is required, where we use
solution (38) and (A5) for the angle Θ0(ρ) for a given set of
parameters κ and h. The skyrmion radius λ is determined by
fitting the trial function (A5) to the one obtained numerically.
For all external perturbations we have considered in Sec. IV,
we find thatM0xx = M0yy , whenever V is isotropic in xˆ and
yˆ direction.
Finite temperature mass term MTij . From the angular de-
pendence of the eigenstates Ψn(φ, ρ) = eimφψn,m(ρ) and
the form of the operator Γi given in Eq. (10) we conclude
that in the finite T expression of the mass Eq. (33) only states
with angular momentum difference ∆m = ±1 contribute. For
the parameter range considered here we find two bound states
below the continuum with m = 0 and m = 2. Since the
zero mode m = 1 is excluded from summations, there are
no bound–bound state contributions. To calculate the contri-
bution from the scattering states, the sum over the quantum
number n in Eq. (33) is replaced by
∑
n
Ψn →
∑
m
∑
k
Ψscm,k →
∑
m
(∑
k
Ψfreem,k −
∑
k
Ψscm,k
)
,
(C4)
where we have subtracted background fluctuations described
by Eq. (B21) in order to render the result finite in the thermo-
dynamic limit. In addition, the discrete sum over k is replaced
by
∑
k → Lpi
∫∞
0
dk k.
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Next, we consider the particle-particle expression for
Mbs-scxx ,
Mbs-scii =
∑
m
∫ ∞
0
dk k
Cm,k
ε¯m − ε¯k [coth(
βε¯k
2
)− coth(βε¯m
2
)] ,
(C5)
with elements Cm,k = 18 c˜2m(gm,m−1 + gm,m+1), and
gm,m
′
1 = (1− cos(δm′)2)
[
amk
2
(Dm
′
1 −Dm
′+2
1 )
+amm
′Dm
′+1
2 + bmD
m′+1
3
]2
,
(C6)
with integrals Dm1 = (f0Jm), D
m
2 = (f0Jm/ρ) and D
m
3 =
(f0JmΘ
′
0 cot Θ0). We use (· · · ) =
∫∞
0
· · · dρρ. The normal-
ization constant c˜m is defined as
c˜m(k) =
√
L/pi√∫ L
0
dρρJ2m+1(kρ)
, (C7)
for a finite system size of area piL2. Note that we have ne-
glected terms proportional to sin(δm) under the assumption
cos(δm)  sin(δm). In Fig. 9-(a) we present the magnetic
field dependence of Mbs-scii for T = 0.05 for a skyrmion
with κ = 0.1, S = 1, J˜/D˜ = 4 and L → ∞. For
this choice, we take into account two localized modes with
energy less than εMS in the magnetic field region between
h = 0.34, where the skyrmion energy becomes positive, up
to h = 0.42 where the bound state energy passes into to
the continuous spectrum (see Fig. 10 (b)). To calculate the
particle-particle contribution from the scattering states, we use
the states Ψscm,k given in Eq. (B23), and under the assumption
that cos2(δm(k))  sin2(δm(k)) we arrive at the following
result,
Mscii =
1
8
∑
m
∫ ∞
0
dk
βk2gk,km,m+1
sinh2(βε¯k/2)
+
1
8
∑
m>0
∫ ∞
0
kdk
∫ ∞
k
k
′
dk
′ Ck,k′(β)
ε¯k − ε¯k′ (G
k,k′
m,m+1 +G
k,k′
m,m−1) ,
(C8)
with gk,k
′
m,m′ = c˜m(k)
2c˜m(k
′)2[− cos2(δm(k)) cos2(δm′(k′))+
1], Ck,k′(β) = [coth(βε¯k′/2) − coth(βε¯k/2)] and
Gk,k
′
m,m′ = g
k,k′
m,m′k
(m+m′+1)(k′)−(m+m
′+3). In Fig. 9-
(b) we plot the temperature and magnetic field dependence
ofMscii for a skyrmion with κ = 0.1, S = 1, J˜/D˜ = 4 and
L→∞. Summations over quantum number m converge and
are bounded between −7 6 m 6 7. The particle-particle
and antiparticle-antiparticle contribution to the effective mass
are equal, since operator Γi is invariant under the particle-
antiparticle symmetry. Finally, the particle-antiparticle
contribution to the effective mass is calculated in a similar
way.
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